We construct a theory which admits a time-dependent solution smoothly interpolating between a null energy condition (NEC)-satisfying phase at early times and a NEC-violating phase at late times. We first review earlier attempts to violate the NEC and an argument of Rubakov, presented in 1305.2614, which forbids the existence of such interpolating solutions in a single-field dilation-invariant theory. We then construct a theory which, in addition to possessing a Poincaré-invariant vacuum, does admit such a solution. For a wide range of parameters, perturbations around this solution are at all times stable, comfortably subluminal and weakly-coupled. The theory requires us to explicitly break dilation-invariance, so it is unlikely that the theory is fully stable under quantum corrections, but we argue that the existence of a healthy interpolating solution is quantum-mechanically robust.
Introduction
Energy conditions are usually imposed for convenience, based upon our expectations for how matter should behave. In particular, they are covariantizations of the notion that energy density should be a positive quantity. Of all the energy conditions, the Null Energy Condition (NEC), which states that T µν n µ n ν ≥ 0 ,
for any null vector n µ , appears to be the most fundamental. Unlike other energy conditions, it cannot be violated by the addition of a suitably large vacuum energy contribution, so in this sense it is an unambiguous constraint on the matter. Moreover, in Einstein gravity, the NEC is necessary to establish the second law of black hole thermodynamics [1] . Thirdly, in cosmology the NEC precludes a non-singular bounce. Assuming spatial flatness, the Hubble parameter satisfies
For a perfect fluid, the NEC implies ρ+P ≥ 0, and thusḢ ≤ 0. Contraction (H < 0) cannot evolve to expansion (H > 0). Violating (1) is therefore central to any alternative to inflation relying on a contracting phase before the big bang , or an expanding phase from an asymptotically static past [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] .
There also appears to be a deep, yet imprecise, connection between the NEC and well-behaved relativistic quantum field theories. Violating the NEC generally comes hand in hand with various a NEC-violating region in the laboratory. 4 The argument, which we review in Sec. 3, is quite general -it only assumes that the theory describes a single field which is dilation-invariant, and that both Poincaré and NEC-violating solutions preserve this symmetry. Rubakov showed that the conclusions can be evaded by introducing additional scalar fields.
In this paper, we stick to a single-field theory but relax the assumption of dilation invariance in order to construct a theory which admits a solution that obeys the null energy condition at early times but at late times crosses into a phase of NEC-violation. The theory of interest is a deformation of the Galilean Genesis Lagrangian,
where the functions Z(π) and J (π) are constrained to allow a smooth interpolation between a NEC-satisfying phase at early times and a NEC-violating phase at late times. Specifically, at early times (π → π ∞ ) the cubic term is negligible, and the theory reduces to
(∂π) 4 1 − e −(π−π∞) 8
where the second line follows after a field redefinition to the (almost) canonically-normalized variable φ. The quartic term has the correct sign demanded by locality [72] , hence the S-matrix of this theory obeys the standard dispersion relations coming from analyticity.
At late times (π → ∞), on the other hand, Z and J both tend to constants, Z(π) 
This gives rise to the usual, genesis NEC-violating solution. For suitable values of J 0 , perturbations around this solution are comfortably subluminal, as in [59] . 5 Note that Z(π) has the correct sign at early times, and the wrong (i.e., ghost-like) sign at late times. Nevertheless, the kinetic term of fluctuations around the time-dependent interpolating solution is healthy during the entire evolution.
Of course, the presence of arbitrary functions in the Lagrangian makes it unlikely that the theory is radiatively stable. However, we will argue that quantum effects in the theory are under control both at early and late times. We imagine that, given this, the existence of a healthy interpolating solution is not extremely sensitive to quantum corrections, even though the functions Z and J , and hence the explicit form of the solution itself, might be. In this sense, our explicit construction is designed to be a proof-of-principle.
The paper is organized as follows. In Sec. 2 we briefly review earlier attempts to violate the NEC. In Sec. 3 we review Rubakov's argument which forbids, in dilation invariant theories, smooth solutions interpolating between NEC-satisfying and NEC-violating vacua. After describing the construction of the theory (3) in Sec. 4, we show in Sec. 5 that the corresponding background solution violates the NEC at late times. In Sec. 6 we study perturbations around the NEC-violating solutions and derive various constraints on the parameters coming from theoretical consistency. We summarize our results and discuss future research directions in Sec. 7.
Attempts to violate the NEC
In this Section, we give a brief overview of the different theories that can violate the NEC, highlighting their successes and failures. For a more comprehensive review of the null energy condition and attempts to violate it, see [74] . In Table 1 we provide a scorecard for the different theories.
A natural place to search for matter which can violate the NEC is in the context of scalar field theories, since scalars can develop nontrivial background profiles that preserve homogeneity and isotropy.
• 2-derivative theories: Consider a non-linear sigma model with dynamical variables φ I :
where M is an arbitrary, N -dimensional real target space. At 2-derivative order, the action is given by 6
where G IJ is the target-space metric. The stress-energy tensor for this field is readily computed, and the quantity relevant for the NEC is
In the language of perfect fluids, focusing on time-dependent profiles, φ I (t), this becomes
Now, the target-space metric G IJ can be diagonalized, since it is symmetric and invertible. Therefore, in order to violate the NEC (ρ + P ≤ 0), G IJ must have at least one negative eigenvalue, that is, one of the φ I 's must be a ghost. At the 2-derivative level, violating the NEC comes hand in hand with ghosts.
• P (X) theories: The obvious generalization is to consider higher-derivative theories. In order to avoid ghost instabilities, the equation of motion should remain 2 nd -order. A general class of such models is
where X ≡ − 1 2M 4 (∂φ) 2 , and M is an arbitrary mass scale. The justification for considering theories of this type is effective field theory reasoning -we anticipate that at low enough energies, terms with more derivatives per field will be sub-leading. However, even in these theories, NEC violation generically introduces pathologies, albeit of a more subtle nature.
To see this, note that the combination ρ + P , assuming φ = φ(t), is given by
In order to violate the NEC, we therefore need P ,X < 0. Meanwhile, expanding (9) about the background φ =φ(t) + ϕ, the action for quadratic fluctuations is [67] 
A violation of the NEC (P, X < 0) results in either gradient instabilities (wrong-sign spatial gradient term) or ghost instabilities (if we choose P, X +2XP, XX < 0). More generally, it was shown in [63, 75] that violating the NEC in theories of the form L(φ I , ∂φ I ) (i.e., involving at most one derivative per field), implies either the presence of ghost or gradient instabilities or superluminal propagation.
• Ghost condensation: This general theorem about instabilities in such a wide class of theories would seem to preclude any sensible violations of the NEC. There is, however, a rather compelling loophole to the general logic. The theorem of [63] relies heavily on the standard organization of effective field theory, i.e., the sub-dominance of terms of the form ∂ 2 φ. There exist two well-studied situations where such terms can become important and, indeed, both lead to violations of the NEC free of the obvious pathologies.
The first is ghost condensation [67] . This relies on an action of the P (X) form (9), but chosen so that there exists a solution with P, X = 0. Notice from (11) that this precisely corresponds to the vanishing of the spatial gradient term in the quadratic Lagrangian about this background. This allows a higher-derivative term of the form (∇ 2 ϕ) 2 to become important in the quadratic Lagrangian without the effective field theory expansion breaking down. Since ρ + P = 0 on the background, this acts as a vacuum energy contribution. Deforming the background as φ =φ(t) + π(t), one finds ρ + P ∼π .
This is linear in π, and hence can have either sign. Violating the NEC once again will push the kinetic term of fluctuations slightly negative, but the dispersion relation is stabilized at high k by the (∇ 2 ϕ) 2 term [53] . The no-go theorem of [63] is thus evaded by relying on higher-derivative spatial gradient terms.
The main drawback of the ghost condensate is the absence of a Lorentz-invariant vacuum. Indeed, from (11) the absence of ghosts about the condensate P ,X = 0 solution requires P ,XX > 0, i.e., the condensate is at a minimum of P (X). As a result, the theory cannot be connected to a Lorentz-invariant vacuum (P ,X | X=0 > 0) without encountering pathologies in between. The theory is only well-defined in the neighborhood of the ghost condensate point.
A NEC-violating ghost condensate phase has been used in alternative cosmological models, including a universe starting from an asymptotically static past [53] , the New Ekpyrotic Universe [23, 26] , and the matter-bounce scenario [39] .
• Galileons: A second class of theories which can violate the NEC without instabilities is given by the conformal galileons [68, 76] . 7 These are conformally-invariant scalar field theories with derivative interactions. The simplest example is
Each term is manifestly dilation invariant. The relative 1/2 coefficient between the π(∂π) 2 and (∂π) 4 ensures full conformal invariance. 8 Choosing the kinetic term to have the wrong sign, as in (13), the theory admits a time-dependent solution
;
where −∞ < t < 0. For consistency of the effective field theory, the scale H 0 should lie below the strong coupling scale Λ, which requires
This background spontaneously breaks the original SO(4, 2) symmetry down to its SO(4, 1) subgroup. The stress-energy violates the NEC [54, 59, 68] :
Perturbations around this solution are stable, and propagate exactly luminally by SO(4, 1) invariance. However, the sound speed can be pushed to superluminal values on slight deformations of this background. 9 A cure to this pathology [59] is to reduce the symmetry by detuning the relative coefficient of the cubic and quartic terms
where α is a constant. For α = 0, this explicitly breaks the special conformal symmetry, leaving dilation and Poincaré transformations as the only symmetries (which conveniently close to form a subgroup). This still allows a 1/t background of the form (15) , with
f depending on α. For −1 < α < 3, this background violates the NEC and has stable perturbations. As a result of the fewer residual symmetries, perturbations propagate with a sound speed different from unity:
This is subluminal for α > 0. In other words, for the range
the system violates the NEC, is stable against small perturbations, and these perturbations propagate at subluminal speeds. Moreover, the theory is stable against quantum corrections.
The main drawback of the galileon NEC violation is -just like the ghost condensate -the absence of a Lorentz-invariant vacuum. Indeed, the existence and stability of a 1/t background requires a wrong-sign kinetic term, as in (13) and (17) . As shown in [59] , including 8 Under the dilation and conformal symmetries, the field π transforms as:
9 It was shown in [73] that such deformations must break homogeneity/isotropy. the higher-order conformal galileon terms does not help: only the kinetic term contributes to ρ + P for the 1/t solution, and it must have the wrong sign to violate NEC. An improvement over the ghost condensate, however, is that perturbations are stable on all scales, whereas perturbations of the ghost condensate in the NEC-violating phase are unstable on large scales (but are stabilized on small scales, thanks to the higher-derivative contribution to the dispersion relation).
A NEC-violating galileon phase is the hallmark of the Galilean Genesis scenario [54, 59] , in which the universe expands from an asymptotically static past. Because of the residual dilation symmetry, nearly massless fields acquire a scale invariant spectrum. The SO(4, 2) → SO(4, 1) spontaneous breaking is also used in the NEC-satisfying rolling scenario of [40, 41, 48] . More generally, this symmetry breaking pattern arises whenever a number of scalar operators O I with weight ∆ I in a conformal field theory acquire a time-dependent profile O I (t) ∼ (−t) −∆ I . The general effective action was constructed in [49] utilizing the coset construction, and the consistency relations were derived in [78] .
• DBI Galileons: An alternative way to avoid superluminality while preserving the full SO(4, 2) symmetry is to consider the DBI conformal galileons [66] . These are the "relativistic" extension of the ordinary conformal galileons, and describe the motion of a 3-brane in an AdS 5 geometry. The DBI conformal galileon action is a sum of five geometric invariants, with 5 free coefficients c 1 , . . . , c 5 :
where the L i 's are built out of the induced metric
the Ricci tensorR µν and scalarR, and the extrinsic curvature tensor
Each L i is invariant up to a total derivative under SO(4, 2) transformations, inherited from the isometries of AdS 5 . The relevant terms come from considering brane Lovelock invariants [79] and the boundary terms associated to bulk Lovelock invariants:
where γ ≡ 1/ 1 + (∂φ) 2 /φ 4 is the Lorentz factor for the brane motion, L 1 measures the proper 5-volume between the brane and some fixed reference brane L 2 is the world-volume action [80] , i.e., the brane tension, and the higher-order terms L 3 , L 4 and L 5 are various functions of curvature. Moreover, Φ denotes the matrix of second derivatives ∂ µ ∂ ν φ, [Φ n ] ≡ Tr(Φ n ), and [φ n ] ≡ ∂φ · Φ n−2 · ∂φ, with indices raised by η µν . The motivation for considering Lovelock terms is that they lead to second-order equations of motion for the scalar field φ [66] .
For suitable choices of the coefficients c 1 , . . . , c 5 , the theory admits a 1/t solution of the form (15) , which violates the NEC in a stable manner [61] . This was dubbed the DBI Genesis phase in [61] . Analogous to DBI inflation [81] , the sound speed of fluctuations for relativistic brane motion γ 1 is highly subluminal. This is an improvement over the galileon examples, since subluminality is achieved while keeping the full conformal symmetries. Moreover, this solution is stable against radiative corrections: terms not of the conformal DBI form are generated radiatively but with coefficients suppressed by inverse powers of γ.
More importantly, the theory also admits a stable, Poincaré-invariant vacuum. As such, DBI Genesis is the first example of a theory possessing both stable NEC-violating and stable Poincaré-invariant vacua. In [61] it was shown that the 2 → 2 scattering amplitude satisfies the known analyticity properties required by locality. Unfortunately, like ordinary galileons weak-field deformations of the Poincaré-invariant vacuum allow superluminal propagation of perturbations. Hence we naively do not expect the full scattering S-matrix to be analytic, though as mentioned earlier it is not clear to what extent the apparent superluminality is truly a pathology [70, 71] .
Additionally, one would like the theory to be consistent with the second law of black hole thermodynamics. There appears to be great tension between this and the NEC, for instance in the ghost condensate violation of the NEC allows for the formation of perpertuum mobile [69] . 10 The story is potentially more subtle for DBI galileons, thanks to the non-minimal terms required for their covariantization [66, 83] . This is currently under investigation [84] .
Ideally, one would like to be able to start from the Poincaré-invariant vacuum and evolve smoothly into the NEC-violating phase. As pointed out recently [65] , however, this is impossible in any single-field theory with dilation invariance. This is particularly constraining because many of the attempts to violate the NEC utilize dilation-invariant theories (for example the Galilean Genesis scenarios and the DBI conformal galileons). The argument, reviewed below, shows that any solution that attempts to interpolate between the two vacua inevitably hits a strong coupling point. One way out is to invoke multiple scalar fields. Another way out, which we will explore here, is to break the dilation symmetry explicitly. In doing so, we will be able to construct a theory with the following properties:
• A Poincaré-invariant vacuum with stable and sub-luminal fluctuations about this vacuum.
• A solution which interpolates between a non-NEC-violating phase and a phase of NEC violation with stability and sub-luminality for perturbations about this solution.
A no-go argument for interpolating solutions
In this Section we review the no-go argument of Rubakov [65] , which forbids the existence of a wellbehaved solution interpolating between dilation-invariant vacua. The argument is very general and applies to any single scalar field theory that enjoys (at the classical level) dilation invariance, and admits both a Poincaré invariant solution and a dilation-preserving, NEC-violating background.
First note that conservation of the energy-momentum tensor is equivalent to the equation of motion via
where δS/δπ is the Euler-Lagrange derivative. Specializing to π = π(t), it follows the equation of 10 For a contrary viewpoint, see [82] .
Figure 1: In a dilation invariant theory, we must have Z = 0 at both e −2ππ2 = 0 and e −2ππ2 = Y , as well as Z > 0 at both of these points. It is impossible to connect these two solutions without having a region where Z < 0, as is clear from the plot. motion is equivalent to energy conservation:ρ
Now we assume that the equation of motion is second-order, that is, δS/δπ contains at mostπ but no higher-derivatives. 11 It then follows that ρ must be a function only of π andπ, for otherwisė ρ would contribute higher-derivative terms in (24) . Since the theory is dilation invariant, we can deduce the form of ρ:
where Z is a theory-dependent function.
If the theory admits a Poincaré-invariant solution, π = constant, it will have vanishing energy density:
Additionally, if the theory admits a NEC-violating background which preserves homogeneity and isotropy, then π can only depend on time. If this background is also dilation invariant, then it must take the form e π ∼ t −1 , and hence e −2ππ2 ≡ Y = constant on this solution. Moreover, the assumed symmetries imply ρ = βt −4 on the time-dependent solution, while energy conservation requiresρ = 0, and thus β = 0. It follows that
In other words, the energy density vanishes on any background that preserves homogeneity, isotropy and dilation symmetry. This of course includes the Poincaré-invariant vacuum and (by assumption) the NEC-violating background.
Next consider the stability of these solutions. We can expand (24) about some time-dependent background, π =π(t) + ϕ, and use the form (25) for ρ to derive an equation of motion for ϕ. For the diagnosis of ghost instabilities, we only explicitly need theφ term:
This clearly derives from the quadratic Lagrangian L = e 2πZ φ 2 + · · · . In order for ϕ to be healthy, we must haveZ > 0 .
The problem is now clear: we have two backgrounds, each with Z = 0. In order for them to both be healthy, we must have Z > 0 around each solution. It is impossible to connect these two solutions without having Z < 0 -and hence developing a ghost -somewhere in between. More physically, in trying to connect these solutions one must inevitably hit Z = 0, which corresponds to strong coupling. It is therefore impossible to connect the two backgrounds with a solution which is perturbative. See Fig. 1 for a graphical representation of this result.
This no-go argument is very general, but we can get some inspiration for how to avoid it by examining its assumptions. The most natural ones to consider breaking are the assumption of a single degree of freedom and that of dilation invariance. Indeed, Rubakov considers a model which introduces additional degrees of freedom to construct an interpolating solution [65] . Here, we will focus on theories that are not dilation invariant.
Construction of the theory
To circumvent the no-go argument of Sec. 3, we stick to a single-field theory but relax the assumption of dilation invariance. We consider a deformation of the conformal galileon lagranagian (13) (used in Galilean Genesis [54, 68] ) by introducing functions Z(π), J (π) which explicitly break scale invariance:
Our goal is to find suitable functional forms for Z(π) and J (π) such that the theory admits a smooth solution which is NEC-satisfying at early times (t t * ), and NEC-violating at late times (t t * ). The transition time will be denoted by t * .
Late time behavior
To achieve NEC violation with strictly subluminal propagation of perturbations at late times (t t * ), the theory should approximate the form (17), used in subluminal genesis [59] . This requires
where f 0 Λ and J 0 is an O(1) constant. Thus, the theory reduces at late times to
Comparison with (17) gives the translation
hence we anticipate that we will need J 0 ∼ < O(1) to have subluminality [59] . At late times, the solution should therefore asymptote to the Genesis background
The energy scale of this solution is H 0 . We demand that it lie below the strong coupling scale of the effective theory, H 0 Λ, which will be the case if
The background (34) is a solution on flat, Minkowski space. With gravity turned on, it remains an approximate solution at early enough times in the Genesis phase. Gravity eventually becomes important at a time t end , which will be computed in Sec. 5.
Early time behavior
At early times (t t * ), the solution should asymptote to a constant field profile:
In order for this constant background to be ghost-free, the sign of the kinetic term should be the usual (negative) one:
We will see that this gives rise to a NEC-satisfying phase, with ρ ∼ P . In this regime, clearly gravity cannot be ignored arbitrarily far in the past, since the universe must emerge from a big bang singularity. We will come back to this point in Sec. 5 and show that the time t beg where gravity becomes important is parametrically larger in magnitude than t * . In other words, there is a parametrically large window t beg t t * within which gravity is negligible and the early-time expressions above hold. In particular, π can be approximated as constant over this regime, in the sense that it varies slowly compared to the Hubble parameter at the transition.
From (31) and (37) , note that Z(π) has the correct sign at early times, and the wrong (i.e., ghost-like) sign at late times (as required for the Genesis solution). Nevertheless, we will see that the kinetic term of fluctuations around the time-dependent solution is healthy during the entire evolution. This does imply, however, that stable, Lorentz-invariant vacua only exist for a finite range in field space.
Interpolating functions
We engineer the desired Z(π) and J (π) by demanding that they give rise to a suitable timedependent background solution, which interpolates between π π ∞ at early times and e π ∼ 1/t at late times. A simple ansatz for the background which satisfies these asymptotic conditions is
where t * sets the transition time.
Assuming spatial homogeneity, the equation of motion for π =π(t) following from (30) is
This admits a first integral of motion enforcing energy conservation:
where in the second line we have substituted in the background solution (38) . At early times (t t * ), the two contributions scale differently: ∼ t −4 for the first term; ∼ t −8 for the second. The simplest option is for each term to be separately constant, from which we can deduce the scaling Z(t) ≈ t 4 and J (t) ≈ t −8 for t t * . A nice choice for J (t) with this property (and satisfying J J 0 for t t * ) is
Equivalently, using (38) ,
Substituting J (t) into the integrated equation of motion (40) yields
where f ∞ , introduced for reasons that will soon become obvious, is related to the energy density by
Moreover, we can obtain an expression for π ∞ and the transition time:
In terms of π, the function Z can be expressed as
Hence we have 5 parameters defining the theory: f 0 , f ∞ , Λ, J 0 and π ∞ . The transition time t * is not a free parameter, as it is set by the other parameters in the Lagrangian. By construction, the Lagrangian (30) with the functions (42) and (46) admits the interpolating solution (38) as a solution to its equations of motion.
Early times revisited
With the expressions above for Z(π) and J (π), we can investigate the action at large, constant field values, where it takes the approximate form (note that this limit is essentially the early time limit on the solution (38)):
It is convenient to define the almost-canonically-normalized variable,
The virtue of this redefinition is that in terms of φ, the background solution (38) reduces to a linear formφ
Another benefit is that the functions Z(π) and J (π) simplify to
Furthermore, the early-time action in terms of φ reduces to
The kinetic term is healthy, as it should be, hence the theory admits Poincaré-invariant solutions. Further, the quartic term is manifestly positive: this ensures both a lack of superluminality about these Poincaré-invariant vacua and that the simplest dispersion relations following from S-matrix analyticity [72] are satisfied.
Radiative stability
The reduced symmetry of the action due to the presence of the arbitrary functions Z(π) and J (π) makes it unlikely that the theory will be stable under quantum corrections. However, all is not lost. Recall that for large constant field values the action (30) can be cast as
In this way, f 2 ∞ plays a role analogous to 1/ ; for sufficiently large f ∞ , quantum effects can be made negligible and the theory will be radiatively stable [68] . 13 Similarly, at late times (or, as π → ∞), the theory can be cast as
which is precisely of the form considered in [59] , where it was shown to be radiatively stable. Therefore, we see that the functional forms of Z(π) and J (π) are stable at both ends of the evolution. In between, most likely they will be greatly affected by quantum corrections. However, the fact that their asymptotic forms are preserved makes it plausible that a solution which interpolates between NEC-violating and NEC-satisfying regions will continue to exist. Although the detailed form of the solution will surely be modified, we do not expect its stability properties to be greatly affected, as we are able to satisfy the stability requirements for a wide range of parameters. In this sense the explicit interpolating form for Z(π) and J (π) constructed above is a proof of principle.
NEC violation and neglecting gravity
It is straightforward to calculate the stress-energy tensor for the Lagrangian (30), in the approximation that the gravitational background is Minkowski space. The energy density is constant and has already been given in (40) and (44) . The pressure is given by
On the solution (38) , at late times this reduces to 14
Since the late-time pressure grows as 1/t 4 while the energy density remains constant, the NEC will violated at late times if P late < 0. This requires
This is the NEC-violating genesis phase.
At early times, meanwhile, the pressure is constant and positive:
Hence the early-time regime is NEC-satisfying.
More generally, by combining (40) and (54) we see that the NEC is violated whenever
where we have dropped the bars for simplicity. This condition can be studied numerically. For this purpose, we will focus on "on-shell" solutions, that is, on profilesπ(t) that are solutions to the equation of motion (39) . This allows us to rewriteπ as a function of π andπ. Moreover, it is convenient to express the result in terms of the φ variable introduced in (48), since its background evolution is particularly simple. The NEC-violating region in phase space corresponds to
where we have defined φ ≡ t * φ . The result is plotted in the (φ, φ ) plane in Fig. 2 for a fiducial choice of parameters.
All of the results up to this point have been derived under the approximation that gravitational backreaction can be neglected. We will now quantify the time interval over which this assumption is justified. Consider first the early-time regime. Since pressure and energy density are comparable (and constant) in this epoch, gravitational backreaction can only be neglected for at most a Hubble
Pl /ρ. Our approximation is therefore justified for t t beg , where (ignoring O(1) coefficients)
For consistency, we must have |t beg | |t * |, that is,
Determining the evolution before t beg , including gravity, would require a detailed calculation. But since the NEC is preserved, the answer is qualitatively simple: within a time of order t beg , the evolution must trace back to a big bang singularity.
During the Genesis phase, on the other hand, the gravitational dynamics are dominated by the Figure 3 : Timeline for the evolution. Our approximation of neglecting gravity is valid for the range t beg ≤ t ≤ t end . For t < t beg , the universe asymptotes to a big bang singularity (since the NEC is satisfied in this regime). At approximately t * , the universe transitions from a NEC-satisfying phase to a NECviolating one. For t > t end , cosmological expansion is important, and the universe must transition from the NEC-violating phase to a standard, radiation-dominated phase.
pressure (55) . Integrating M 2 PlḢ − 1 2 P , we have
corresponding to a time-dependent contribution to the energy density:
This dominates over the constant piece (44) . Gravitational backreaction can be neglected as long as P late ρ late . This breaks down at a time t end obtained by setting P late ∼ ρ late :
The condition f 0 Λ mentioned in (35) ensures that |t end | M
−1
Pl . Moreover, the condition (61) automatically implies that |t end | |t * |, which is obviously required for consistency.
To summarize, our approximation of neglecting gravity is valid over the interval
In order for the transition time to lie within this interval, t * must satisfy the condition (61). The time-line for the entire evolution is sketched in Fig. 3 .
Cosmological Evolution
With expressions for P , ρ, t beg , and t end , it is possible to show how the scale factor may smoothly transition from a decreasing phase to and increasing one. Recall that the Hubble parameter obeys (2):
Combined with the expressions for (ρ + P ) (58) and e π(t) (38) , we obtain the following expression forḢ(t):Ḣ where we have defined the functions
The constraints on the quadratic theory are the following:
• Absence of ghosts: To avoid ghosts, the kinetic term should be positive: Z ϕ > 0. It is straightforward to show that will be the case if
In particular, the NEC-violating condition (56) follows automatically.
• Absence of gradient instabilities: Similarly, the spatial gradient term should be positive: K ϕ > 0. Expressing this condition in terms of φ, and dropping the bars for simplicity, we obtain
where we recall that φ ≡φt * .
• Subluminality: The final constraint at the quadratic level is to demand subluminal propagation: K ϕ /Z ϕ < 1. Assuming that both (71) and (72) are satisfied, subluminality follows by definition if the kinetic term is larger than the gradient term. It is straightforward to show that this will be the case if
In the genesis regime (corresponding to φ → 1 and φ → 1), in particular, this gives a constraint on the constant J 0 :
Beyond the quadratic theory, we should also check that the interactions are perturbative. Consider the cubic vertex for the perturbations:
After canonical normalization of the kinetic term, ϕ c ≡ Z 1/2 ϕ ϕ, the cubic term becomes suppressed by the effective strong coupling scale
For consistency of the effective field theory, the characteristic frequency of the background, namelẏ π, should lie below this cutoff:π Λ eff .
In the Genesis phase, in particular,π 1/t sets the scale at which perturbations freeze out. Hence (77) is necessary to consistently describe the generation of perturbations within the effective theory. A straightforward calculation shows that this condition implies:
Note that the left-hand side is negative-definite within the range 0 < J 0 < 1 allowed by (71) and (74) . As a check, note that in the genesis regime, (78) reduces to
2 , which is another way to confirm the condition f 0 Λ mentioned in (35) .
In summary, the allowed range of J 0 values is The remaining constraints -no gradient instabilities (72) , subluminality (74) , and weak coupling (78) -are plotted in the (φ, φ ) phase space in Fig. 5 for a fiducial choice of parameters.
These constraints are overlaid in Fig. 6 with a range of solutions to the equation of motion. On these plots, the background solution (49) of interest corresponds to φ = 1. Other background solutions, corresponding to different initial conditions, are also plotted as solid lines. This shows that there is a wide range of trajectories that interpolate between a constant field profile at early times and the Genesis solutions at late times, while avoiding the pathological region at all times. Furthermore, it is clear that the background solution φ = 1 is an attractor at late times.
Conclusions
It has proven surprisingly difficult to violate the null energy condition with a well-behaved relativistic quantum field theory. In the simplest attempts, violating the NEC generally introduces ghost instabilities, gradient instabilities, superluminality, or absence of a Lorentz-invariant vacuum. Progress has been made in avoiding some of these shortcomings, but a fully satisfactory example remains to be found. The null energy condition appears to be connected to some fundamental physics principles, such as black hole thermodynamics and the (non)-existence of cosmological bounces. Therefore, if it turns out that violating the NEC is impossible, pinpointing which of the aforementioned pathologies is the real roadblock will tell us something fundamental.
The recently-proposed DBI Genesis scenario is the first example of a theory admitting both a Poincaré-invariant vacuum and NEC-violating solutions. As argued by Rubakov, however, these two backgrounds lie on different branches of solutions and cannot be connected by a smooth solution without strong coupling occurring. This is an immediate consequence of dilation invariance.
Here, we have abandoned dilation symmetry in order to circumvent Rubakov's no-go argument. We have constructed a theory which admits a time-dependent solution that smoothly interpolates between a NEC-satisfying phase at early times and a NEC-violating phase at late times. There exists a wide range of parameters for which perturbations around the background are stable, comfortably subluminal and weakly-coupled at all times.
The main drawback of the construction is the presence of suitably-engineered interpolating functions in the action. It is highly unlikely that the detailed form of these functions will be preserved by quantum corrections. However, we argued that their asymptotic forms both in the past and in the future are radiatively stable. Moreover, our analysis did not depend sensitively on the details of the interpolation. Therefore, all we need is for the quantum-corrected action to still allow an interpolation between NEC-satisfying and NEC-violating solutions. We leave a detailed analysis of radiative stability to future work.
Another drawback of the explicit example presented here is that the kinetic term flips sign as we adiabatically vary φ. It is healthy at early times, consistent with Poincaré invariance, but becomes ghost-like at late times, which is necessary to obtain a NEC-violating solution with the cubic Galilean Genesis action. Of course, as mentioned earlier, perturbations around the timedependent background are always healthy. However, it would be aesthetically desirable if the perturbations around φ = constant backgrounds were also healthy for all field values of interest. This should be achievable by deforming the DBI Genesis Lagrangian, since this theory precisely satisfies this property while allowing a NEC-violating background. We plan to study the DBI Genesis generalization in the future. It is also possible that the DBI extension will alleviate the quantum stability issues discussed above.
